In the first part of this paper we prove that a submanifold with parallel focal structure, a generalization of isoparametric and equifocal submanifolds, induces a singular Riemannian foliation of the ambient space by its parallel and focal submanifolds, thereby completing the equivalence of these two notions. In the second part we construct and study an action on the transversals of a singular Riemannian foliation which is the Weyl group action in the case of a polar action.
Introduction
One of the main topics of submanifold geometry is to study how the local invariants of a submanifold, like the first fundamental form, the shape operator and the normal connection, affect the global geometry. The functional dependence of the eigenvalues and their multiplicities of the shape operator to the focal distances and the focal multiplicities in space forms is a simple and well-known example for this. An isoparametric submanifold M is defined only by two conditions on its local invariants:
(1) νM is flat, and (2) the eigenvalues of the shape operator A ξ are constant for a locally defined parallel normal field ξ.
A rich theory has been developed for this class of submanifolds in R n (see [PaTe] ). Their structure is very similar to that of the regular orbits of an s-representation, which is the linear isotropy action of a symmetric space by definition; indeed, every homogeneous isoparametric submanifold of R n is a regular orbit of an srepresentation. An example for the special structure of an isoparametric submanifold M is, that it induces an orbit-like foliation of R n by parallel submanifolds. The set of focal points in the affine plane P = x + ν x M in R n is a union of hyperplanes. The reflections of P in these hyperplanes generate a Coxeter group, in analogy to the Weyl group associated to a symmetric space. (For a detailed survey on isoparametric submanifolds and their relatives, see [Th2] .)
Isoparametric submanifolds of S n are also isoparametric submanifolds of R n+1 ; a theory for isoparametric submanifolds in the hyperbolic space H n was developed in [Wu] . It is natural to ask whether one can obtain similar results as above for isoparametric submanifolds in a larger class of ambient spaces than space forms. It turns out that a definition of a submanifold like above that is only based on local invariants will not lead to similar results. Indeed, in a general ambient space there is no correspondence between the principal curvature and the focal distance. We can see this by perturbing the metric of the ambient space outside a tube of M which will affect the focal distances, but not the local invariants. Instead of demanding constant principal curvature, Terng and Thorbergsson considered in [TeTh] the focal structure. They found out that it carries the relevant information for a generalization of isoparametric submanifolds in a larger class of ambient spaces. They call a submanifold M of a simply connected, compact symmetric space N equifocal, if
(1) M has a globally flat normal bundle, (2) the focal distances and multiplicities are constant along any parallel normal field, and in addition, (3) exp(ν p M) is contained in a flat for every p ∈ M.
Later Ewert introduced the notion of a submanifold with parallel focal structure in [Ew] , which is defined to satisfy (1), (2) and in addition the condition (3') that exp(ν x M) is a closed submanifold for every x ∈ M, called section, and meets all parallel submanifolds orthogonally. In our work we accept in the definition of a submanifold with parallel focal structure that νM is flat, possibly with non-trivial normal holonomy, but instead of (3'), we demand (3"), that the sections are totally geodesic submanifolds; we also change the first condition slightly (see section 3). Terng and Thorbergsson showed many properties similar to that for isoparametric submanifolds in R n for an equifocal submanifold M in a simply connected, compact symmetric space N, among them the existence of an orbit-like foliation of N by parallel and focal submanifolds and the existence of a Weyl group acting on exp(ν p M), which turns out to be a flat submanifold. Their proofs rely heavily on the structure of symmetric spaces. Let N = G/K for a symmetric pair (G, K) of compact type. Terng and Thorbergsson considered a submersion π : V → G, where V is a certain Hilbert space. They derived geometric aspects on M from the analysis of the isoparametric submanifold π −1 (M) in V . Later this technique was axiomatized in [HLO] . Of course, one cannot expect the existence of such a submersion for general N. Therefore it is desirable to implement appropriate conditions into the definition of a submanifold that will imply similar results as for equifocal submanifolds. We will focus on the following question: When is the set of all parallel and focal submanifolds of a given submanifold M in N a partition of N into submanifolds? More precisely, for v ∈ νM we define We reformulate our question with these notions: Under which conditions on M is F a global foliation of N? Conditions (1) and (2) of a submanifold with parallel focal structure are necessary in order to guarantee that M v is an immersed submanifold for every v ∈ νM. But these conditions are not sufficient. Let us consider two examples. First we take N = S 2 and M a parallel of the equator. Obviously M fulfills condition (1) and (2), and the parallel submanifolds of M are the other parallels of the equator, the focal submanifolds are the poles of S 2 . Clearly M induces a partition by parallel and focal submanifolds. Next we consider the flat torus N = T 2 and a small distance circle M centered at a point p in N. Again M satisfies (1) and (2), but this time M does not induce a global foliation of N. For a unit vector ξ ∈ νM we define a positive real σ(ξ) as the maximal value t for which the geodesic γ ξ |[0, t] is the shortest connection between M and γ ξ (t). While σ is constant along a unit normal field of M in the first example, it is not in the second. This motivates us to introduce the cut locus of a submanifold, which is a generalization of the cut locus of a point (see 2.1). The constancy of σ along unit parallel normal fields is a necessary condition for M to induce a global foliation (see Proposition 3.12). Note that already Bolton has realized the relevance of the cut locus for transnormal partitions (see 2.2) with codimension 1 in [Bol] . In a way, he assumes the contrary point of view by considering the cut locus of one of the at most two singular leaves, while we consider the cut locus of a regular leaf in arbitrary codimension. We have seen above a necessary condition for M to induce a global foliation. Assuming (3"), the existence of sections, we found a necessary and sufficient condition: Ewert states in [Ew] that the set of parallel submanifolds of a submanifold with parallel structure (according to his definition) is a foliation, which follows directly from condition (3'). Theorem A handles in addition the focal set. Moreover, it gives a link to the theory of singular Riemannian foliations ( [Mo] , [Bou] , [A] ), on which the theory of submanifolds with parallel focal structure now can capitalize. But the converse is true as well by a result of Marcos Alexandrino ( [A] ): A regular leaf of a singular Riemannian foliation admitting sections (for the definition see section 2.2) has parallel focal structure (we give a different proof in section 4.1). This means that these two theories are in general equivalent. From now on we will include the necessary and sufficient condition given in Theorem A into the definition of a submanifold with parallel focal structure.
Theorem B Is M a closed and embedded submanifold with parallel focal structure and finite normal holonomy in a complete Riemannian manifold, so is every parallel submanifold.
Ewert states this result for the case of trivial normal holonomy as Proposition 2.9 in [Ew] . His proof is not correct; we will explain his mistake later.
For a singular Riemannian foliation F admitting sections (for the definition see 2.2) of a Riemannian manifold N, Boualem defines the subset N := {T p Σ | p ∈ N, Σ is a section of F through p} of the Grassmann bundle G k (T N) in [Bou] . Letπ :N → N be the restriction of the canonical projection G k (T N) → N toN . He constructs a differentiable structure onN and shows thatF = {π −1 (M) | M ∈ F } is a regular Riemannian foliation of N , the blow-up of F , for some metricĝ. We reprove his results with our theory and give the following extension:
Theorem C The setN carries the unique differentiable structure with respect to which the inclusion into G k (T N) is an immersion. Letĝ be the pull-back of a natural metric on G k (T N) toN . Then (F,F ⊥ ) is a bifoliation ofN with respect toĝ, where F is a Riemannian foliation and the orthogonal foliationF
⊥ is totally-geodesic.
Using a result of Blumenthal and Hebda we can then describe the singular Riemannian foliation F from Theorem A by a mapM ×Σ → N, whereM respectivelyΣ is the universal cover of a regular leaf M of F respectively of a section Σ. With this map we define the transversal holonomy group Γ acting by isometries on Σ. This is the analogue of the Weyl group for polar actions.
Theorem D A singular Riemannian foliation admitting sections and whose leaves are properly embedded in a simply connected symmetric space has no exceptional leaves, i.e., every regular leaf has a trivial normal holonomy.
Compare this to Lemma 1A.3 of [PoTh] .
In section 2.1 we define and study the cut locus of a submanifold. In section 2.2 we introduce the necessary notions and tools of the theory of Riemannian foliations.
In section 3 we define the blow-upF outgoing from a submanifold with parallel focal structure and prove Theorem C (3.7). We can then easily conclude Theorem A (3.10) and Theorem B (3.11).
In section 4.1 give an alternative proof of the converse of Theorem A (3.13) . In section 4.2 we introduce the transversal holonomy group Γ, and we study the relation of the cut locus of M with the fundamental domains of Γ, and with the exceptional leaves. Then we will prove Theorem D (4.19).
This work is essentially my thesis. I would like to thank my teacher Professor
Thorbergsson for his long-term guidance and his support of my thesis.
Preliminaries 2.1 Cut Locus of a Proper Immersion
Let N be a complete and connected Riemannian manifold and M a manifold. By ϕ : M → N we will always denote an isometric immersion. Let νM = (ϕ * (T M)) ⊥ and let ι : νM → T N be the canonical immersion. We write η := exp ⊥ = exp • ι : νM → N and η r : B r (νM) → N for the restriction of η to the normal ball bundle of M of radius r and we write ϕ r * : B r (T M) for the restriction of the derivative of ϕ to the tangential ball bundle of M of radius r.
Lemma 2.1 The following conditions are equivalent:
(1) ϕ is proper.
(2) η r is proper for all r ≥ 0.
(3) ϕ r * is proper for all r ≥ 0.
Proof The proof is clear.
Let ϕ be proper. Then the preimage of a point is compact and discrete and therefore finite. Let x ∈ M a tangential point. We call x a contact point if there is a y ∈ ϕ −1 (ϕx) and a positive number ε such that ϕ(B ε ′ (x)) = ϕ(B ε ′ (y)) for any ε ′ with 0 < ε ′ < ε.
By transversality the set of tangential points is dense in M. The next proposition shows that this set is also open in M, if M is embedded. This is not true for general immersions. Let us consider the immersion ϕ :
, where (x, y) ∼ (x + 1, y). Since the periodicity of the sine-function is irrational, the set of intersection points of ϕ is dense in R.
Proposition 2.2 A proper immersion ϕ : M → N factorizes over an embedding if and only if it has neither intersection nor contact points.
Proof We assume that ϕ has neither intersection nor contact points. Let p be an arbitrary point in ϕ(M) and ϕ −1 (p) = {x 1 , . . . , x l }. We choose ε > 0 such that ϕ|B ε (x i ) are diffeomorphisms onto their images for all i and that the B ε (x i ) are pairwise disjoint and that ϕ(B ε ′ (x i )) is the same for all i. We will now show that the function k(x) := |ϕ −1 (ϕx)| is locally constant. This will finish the proof. We see that k(y) ≥ k(x) for all y ∈ B ε (x). Assume there exists a sequence (y n ) converging to x with k(y n ) > k(x) for all n ∈ N. For every n we find a point z n with ϕ(z n ) = ϕ(y n ) and (z n ) / ∈ B ε (x i ) for all i. By properness (z n ) converges to a point z = x i , i = 1, . . . , l. So k(z) > k(x) in spite of ϕ(z) = ϕ(x). The converse is clear. ⊓ ⊔ Now we will introduce a generalization of the cut locus of a point that is defined for instance in [Kl] . Let ϕ : M → N be a proper immersion. Let γ v denote the geodesic with initial vector v ∈ T N.
Definition A vector v ∈ νM is called a normal or normal vector and the geodesic
, and any reparametrization of constant speed, a minimal geodesic (segment). This terminology is justified by the fact that, in the set η −1 (p), the minimal vectors have the least length. We call a normal vector v a focal vector and η(v) a focal point, if v is singular with respect to η. We call a minimal vector v a cut vector and η(v) a cut point, if there is a minimal w ∈ νM with ι(w) = ι(v) having the same endpoint as v. In this case v = σ(v/ v ) = σ(w/ w ) = w . If in addition there is no focal geodesic among the set of minimal geodesics to p, we call p of pure cutting type.
It is easy to see that the limit of a converging sequence of minimal vectors is minimal. In the sequel we will use the known fact that tv for t > 1 is not minimal if v is a focal vector or a cut vector. Also note that for every p ∈ N there is a shortest curve from ϕ(M) to p since ϕ(M) is closed and N complete; this is a normal geodesic. This implies that η is surjective.
In contrast to the cut locus of a point the cut distance function is in general not continuous. The next lemma describes this situation. Proof Note that a function is continuous at a point if and only if it is upper and lower semi-continuous at this point. We will prove the upper semi-continuity of σ, i.e. lim sup w→v σ(w) ≤ σ(v) for every v ∈ ν 1 M. Assume the existence of v ∈ ν 1 M such that σ * := lim sup w→v σ(w) > σ(v). Choose a ∈ R with σ(v) < a < σ * . We find a sequence (v n ) in ν 1 M converging to v such that av n is minimal for large n. Then av is also a minimal geodesic segment, which contradicts σ(v) < a.
Assume σ is not continuous at a vector v ∈ ν 1 M. This implies that the lower semicontinuity at v fails. Thus σ(v) > 0 and σ * := lim inf Z→v σ(Z) < σ(v). We will show σ * = 0. Let (v n ) be a sequence in ν 1 M converging to v with lim n→∞ σ(v n ) = σ * . We choose a ∈ R such that σ * < a < σ(v). Let (w n ) be a sequence in ν 1 M such that γ ι(wn) |[0, t n ] are minimal geodesic segments to η(av n ) for some t n . By the properness of η σ(v) we can assume that t n w n converges to some t 0 w, where w ∈ ν 1 M. It follows γ ι(w) |[0, t 0 ] is also a minimal geodesic segment to η(av), thus ι(w) = ι(v) and a = t 0 . Since av is not focal η is injective on a neighborhood of av. Thus v = w. Choose ε with 0 < ε < σ * and a neighborhood U of εv not containing εw, such that η|U is a diffeomorphism onto its image. Let s nṽn ∈ U, where s n > 0 andṽ n ∈ ν 1 M, be the unique vector in U such that γ ι(ṽn) |[0, s n ] is a minimal geodesic segment to η(εw n ). It follows thatṽ n converges to v. We have lim n→∞ σ(ṽ n ) ≤ ε < σ * , which is a contradiction.
⊓ ⊔
In Corollary 2.6 we will give a geometric description of those points at which only discontinuity can occur.
Proposition 2.4
The cut locus only consists of focal and cut points.
Proof We consider an v ∈ ν 1 M with σ(v) < ∞ such that σ(v)v is not a focal normal. We have to show that η(σ(v)v) is a cut point. We construct sequences (ṽ n ) in ν 1 M and t n > 0 such that t nṽn is minimal with η(t nṽn ) = η((σ(v) + 1/n)v). As η r is proper for all r ≥ 0 we can assume that t nṽn converges to, say t 0ṽ , wherẽ v ∈ ν 1 M. Then σ(v)v and t 0ṽ are minimal and have the same endpoint. This implies
The next proposition characterizes intersection and contact points in terms of the cut locus.
intersection point x is also characterized by the property that ϕ(x) is in the cut locus; in this case ϕ(x) is of pure cutting type. This implies that M has no self-intersections if and only if the cut locus has no common points with ϕ(M). A point x ∈ M is a contact point if and only if x is tangential and there is
. Take an arbitrary v ∈ ν 1 x M and choose t with 0 < t < σ(v). Then the geodesic γ ι(v) |[0, t] is the unique shortest connection between η(tv) and ϕ(M). By the variation principle ι(v) is orthogonal to ϕ * (T y M) for all y ∈ ϕ −1 (ϕx). Since v is arbitrary, x is a tangential point. Now we consider a tangential point x 1 ∈ M with image p and ϕ −1 (p) = {x 1 , . . . , x l }. We take ε > 0 and a neighborhood U i = B ε (x i ) of x i for all i. If we assume σ(v) = 0 for some v ∈ ν 1 x 1 M we find for each n ∈ N a point y n ∈ M for any i,
(1/n)) < 1/n. It follows d(ϕ(y n ), p) < 2/n and the sequence (ϕ(y n )) converges to p. By eventually choosing a smaller ε we can assume that y n / ∈ U i for all i using that x is tangential, v ∈ (ϕ * (T x i M)) ⊥ and the linear approximation of ϕ. Properness of ϕ implies the convergence of a subsequence of (y n ) to some point y = x i , contradiction. The image of an intersection point is clearly of pure cutting type. If ϕ(x) is in the cut locus for a point x ∈ M then 0 ∈ σ(ν 1 x M). We are now going to show the last statement. Let x ∈ M be a tangential point, such that there is some v ∈ ν 1 x M with σ(v) > 0 and a sequence (w n ) in ν 1 M converging to v with lim n→∞ σ(w n ) = 0. Choose ε > 0 such that ϕ|B ε (x) is a diffeomorphism. For large n we find y n ∈ M, y n / ∈ B ε (x) with d(ϕ(y n ), ϕ(πw n ) ≤ 2σ(w n ). So ϕ(y n ) converges to ϕ(x). By properness of ϕ there is a subsequence of (y n ) converging to some point y = x with ϕ(y) = ϕ(x). We deduce that the images of B ε ′ (x) and B ε ′ (y) do not coincide for any ε ′ < ε. The converse follows from similar arguments.
⊓ ⊔ Proof Can be proven by similar arguments as employed in the proof of Corollary 2.10, chapter 13, [dC] . ⊓ ⊔ Later we will frequently us the following notion. If r = inf{σ(v) | v ∈ ν 1 M} > 0 we call r injectivity radius of ϕ and T s = tube(M, s) = exp B s (νM) an injectivity tube of M with radius s for any s with 0 < s ≤ r. By definition for each p ∈ T there is exactly one minimal normal v with endpoint p up to foot point. The map ϕ has neither intersection nor contact points and thus factorizes over an embedding. Therefore η : B s (νM) → T s is a covering, and it is a diffeomorphism, if ϕ is injective, i.e. an embedding.
Remark As in the case of the cut locus of a point, we can give a similar connection between the homology and the cut locus of a submanifold.
Foliations
Let F be a partition of a manifold N n+k into connected, injectively immersed submanifolds with maximal dimension n. For a point p ∈ N we denote the element of F containing p by M p . We define T F = p∈N T p M p . Let Ξ(F ) be the module of differentiable vector fields X tangential to F , i.e., with X p ∈ T p M p for every p ∈ N. If the values of Ξ(F ) exhaust T p M p for every p ∈ N, we say that Ξ(F ) acts transitively (on T F ).
If all the elements of a singular foliation F have the same dimension n, then F is a foliation as we will see. First we give some other definitions. We call the elements of F leaves. A leaf is regular if it has dimension n otherwise singular. A point belonging to a regular leaf is regular, otherwise singular. The set N ′ of regular points in N is called the regular stratum. Let p be a point in N and M p be a leaf of dimension q. By [St] there is a neighborhood U of p, ball neighborhoods B q and B n+k−q of the origin in R q respectively R n+k−q and a chart ψ :
Therefore it is a submanifold and as a consequence also A. We call ψ a foliated chart and U a simple neighborhood of p. For q ∈ U we call the connected component M q ∩ U containing q the plaque in U through q ∈ U. The property of a foliated chart shows that the function dim M p in dependence of p is lower semi-continuous, hence the regular stratum N
′ is an open subset of N. We can see that that a singular foliation F restricted to the regular stratum N ′ is a foliation: Let X, Y ∈ Ξ(F ), let p be a regular point and i : M p → N the inclusion map of the leaf through p. We denote by X ′ and Y ′ the i-related vector fields on M p of X and
. This shows that Ξ(F ) and Ξ(F |N ′ ) are Liealgebras acting transitively, thus the (differentiable) distribution T (F |N ′ ) is involutive and F |N ′ is a foliation by the Theorem of Frobenius. In particular, a singular foliation having only leaves of the same dimension is a foliation.
The morphisms between singular foliations are defined below.
We now consider a foliation F of dimension n. The foliated chart ψ of a singular foliation specializes to a foliated chart ψ : U → B n × B k in foliation theory: For ψ = (x 1 , . . . , x n , y 1 , . . . , y k ) = (x, y) the connected component of ψ(M q ∩ U) containing ψ(q) (the plaque) is equal to B n × {y(q)} for all q ∈ U.
In other words, the vector space of foliated fields is the normalizer of Ξ(F ) in the Lie algebra Ξ(N) of differentiable vector fields of N.
Lemma 2.8 For X ∈ Ξ(N) the following conditions are equivalent:
(1) X is foliated. Let U be simple. Then the quotient manifoldŪ = U/(F |U) carries a unique differentiable structure for which the projection π : U →Ū becomes a submersion. The fibers of π are the plaques of U and the foliated fields are exactly the projectable fields on U. We see that the vector space of foliated vector fields on U modulo Ξ(F |U) is isomorphic to Ξ(Ū ) as vector spaces.
Now let (N, g) be a not necessarily complete Riemannian manifold and F be a foliation of N. Let D ⊥ be the distribution orthogonal to D. We call D ⊥ horizontal and D vertical. We set g ⊥ to be the restriction of g to the horizontal distribution. Then g is called bundle-like, if L X g ⊥ = 0 for any vertical vector X. This is equivalent to the condition that g(X, Y ) is constant along the plaques of any simple set U for all horizontal foliated fields X and Y on U. If g is bundle-like we call F Riemannian foliation. A foliation F of (N, g) is obviously Riemannian if and only if we can cover N with simple sets U i such that we can endowŪ i = U/F U i with a metric for which the canonical projection π i : U i →Ū i becomes a Riemannian submersion.
Definition A partition F of a Riemannian manifold (N, g) into connected, injectively immersed submanifolds is called transnormal if for every p ∈ N every geodesic in N starting orthogonally to T p M p intersects every element of F it meets orthogonally.
Proposition 2.9 A foliation F is a Riemannian foliation if and only if it is transnormal.
Proof See [Rei] .
⊓ ⊔
This proposition justifies the following definition introduced in [Mo] .
Definition A transnormal singular foliation F of a Riemannian manifold N is called a singular Riemannian foliation.
F is proper if every leaf of F is properly embedded.
Definition We say F admits sections, there is a complete, totally-geodesic submanifold Σ p (called section) through every regular point p ∈ N that meets every leaf and always orthogonally.
Example The set of orbits of an isometric Lie group action on a Riemannian manifold N is a singular Riemannian foliation. The set of orbits of a polar action is a singular Riemannian foliation admitting sections. 
where α is the second fundamental form of leaves of F ⊥ and ∇ is the Levi-Civita connection of N. This means that g is bundle-like if and only if F ⊥ is a totally geodesic foliation.
⊓ ⊔ Later we will need the following lemma. Proof The first part is clear. Now let P be an F -plaque of U. We want to show that the restriction of a horizontal foliated field to P is a parallel normal field of P . Let V be a vertical and H 1 , H 2 be horizontal foliated vector fields. Then
1 ] is vertical and ∇ H 1 H 2 is horizontal, because F ⊥ is a totally geodesic foliation. Now take a point p in U and let P ∈ F |U be the plaque through p. The above calculation showed that a horizontal foliated vector field in U is a parallel normal field of P . Since the vector space of values of horizontal foliated vector fields in p spans ν p P , each parallel normal field along P is the restriction of a foliated horizontal vector field to P . Now it is clear that the normal bundle of a leaf of F is flat.
⊓ ⊔
Remark Along a curve in a leaf, normal parallel translation is the same as sliding along the leaves. For the definition of the latter, see [Mo] .
Let (F , F ⊥ ) be a Riemannian/totally-geodesic foliation of a Riemannian manifold (N, g) such that the leaves of F ⊥ are complete with the induced metric. Note that if N is complete so are the leaves of F and F ⊥ with respect to the induced metric. A curve in an element of F respectively F ⊥ is called vertical respectively horizontal. 
Proof See [BH1] , Corollary 2.7 which is based on Lemma 2.6. Note that for the proof of the latter one can drop completeness of N and assume completeness of the horizontal leaves instead.
We write T σ τ = H (τ,σ) ( · , 1) and Let µ and H be as above. We write µ v respectively µ h for the initial vertical respectively horizontal curve of H and µ v respectively µ h for the terminal vertical respectively horizontal curve of H.
We recall that the universal coverM of a manifold M is equal to the set of equivalence classes of curves starting from a fixed point x 0 , where the equivalence is given by homotopy fixing endpoints; in some cases we write more precisely (M, x 0 ). The covering mapM → M is given by [σ] → σ(1). Let x 0 be arbitrary and let M respectively Σ be the element of F respectively F ⊥ through x 0 . Theñ
Here [ ] means in each case an equivalence class under a different homotopy.
Theorem 2.14 (Blumenthal-Hebda) The map 
is the universal covering map, and it is foliated with respect to the natural bifoliation ofM ×Σ and the bifoliation (F , F ⊥ ). Moreover, given [τ ] ∈M the map
is an isometry, where y = τ (1). 
is the unique rectangle with diagonal G( · , t) for each t. We have C(0, 0, · ) = c x 0 and C(1, 1, · ) = c x , where c is a constant curve. Then C(1, 0, · ) is a curve in M ∩ Σ x . Since C(1, 0, · ) is continuous and M ∩ Σ x is an at most countable set of points (M is second countable), it follows that C(1, 0, · ) is the constant map. Similarly C(0, 1, · ) is the constant map. Then
We have
Note that the action of
There is a vertical curve σ and a horizontal curve τ with σ(0) = τ (1) = x 0 and τ (0) = σ(1) such that [µ] = [στ ]; we can choose σ = µ v and τ = µ h . By the previous discussion σ and τ are unique up to homotopy in the corresponding leaf fixing endpoints, i.e., up to [σ] and [τ ] . The map I :
and [τ ] are trivial. So the action is free. We observe that I maps all points of an orbit to a single value. Then we have
This implies:
Proposition 2.16 Let N be bifoliated as above. Then
In the case of infinity, the interpretation of this equation is that the left value is infinity if and only if at least one of the factors on the right side is infinity.
Submanifolds with Parallel Focal Structure
Let M and N be complete and connected Riemannian manifolds and ϕ : M → N an isometric immersion. The aim of this section is to find minimal conditions for M to foliate the ambient space N with parallel submanifolds.
We take a look at the geometry of the tangent bundle and then at Jacobi fields. 
Summing up, the Levi-Civita connection ∇ gives us
Pulling back the metric on N by π * × K we obtain the so-called Sasaki metric on
= ξ for a vector field X along a curve c with c(0) = x and X(0) = v then ξ h =ċ(0) and
We consider a submanifold M of N. For v ∈ ν x M we have the decomposition
with respect to the Levi-Civita connection ∇ ⊥ on the normal bundle. Obviously
We have the isomorphism between T v T N and the vector space of Jacobi fields of N along γ v mapping an element ξ ∈ T v T N to the Jacobi field J given by (J(t), J ′ (t)) = φ t * (ξ h , ξ v ), where φ t is the time t map of the geodesic flow φ :
carries over to the decomposition of J M (v) into a horizontal and a vertical subspace. We can describe a vertical/horizontal M-Jacobi field J with initial condition ξ ∈ T v νM by a variational vector field. Define V (s, t) = η(tX(s)), where X is a vector field along the constant curve c ≡ x with dX dt
totally geodesic in N and if Σ x is complete. Since we want i x to be unambiguous, we also demand
is a section for every x ∈ M and if there is exactly one section of ϕ through every regular point of the normal exponential map,
In order to avoid a cumbersome notation, we use Σ x and the term section in two different ways. When it comes to point sets, for instance, if we write p ∈ Σ x , we actually mean by Σ x the image of the immersion i x . If we talk about tangent vectors or curves of Σ x , i.e., if the context is a topological or differentiable one, we are of course referring to the underlying manifold structure of the section. This distinction is particularly important here, since we allow Σ x to have self-intersections.
Remark
If ϕ admits sections then η : νM → N is surjective. Also note that there is a section through every point in N, if ϕ is proper.
Lemma 3.1 Let γ be a geodesic in a section Σ = Σ x with γ(0) = p = ϕ(x). Then any Jacobi field in N along γ can be decomposed into J = J 1 +J 2 , where J 1 is a Jacobi field of Σ and J 2 is Jacobi field with J 2 (t) ∈ T γ(t) Σ ⊥ for every t. For an M-Jacobi field J this decomposition is exactly the one into vertical and horizontal M-Jacobi fields along γ. In particular we have
Proof We write J 1 for the T Σ-part of J and J 2 for the orthogonal part. Since Σ is totally geodesic, the curvature operator R˙γ (t) leaves T γ(t) Σ invariant and therefore, as a self-adjoint operator, also the orthogonal complement
On the other hand we have J ′′ 1 (t) ∈ T γ(t) Σ, since Σ is totally geodesic, and
Since the term in the first bracket lies in T γ(t) Σ and the term in the second in T γ(t) Σ ⊥ , the vector fields J 1 and J 2 are also Jacobi fields. The second statement follows from the initial conditions (
where J is an M-Jacobi field along γ v with J(1) = 0. The decomposition J = J 1 + J 2 as in the lemma then implies that ker dη(v) is a direct sum of a horizontal and a vertical subspace of T v νM and that the kernel of dη(v) only has a non-trivial vertical component if and only if η(v) is a conjugate point of x along γ v in Σ x . Summing up, the decomposition of an M-Jacobi field J into J = J 1 + J 2 means that
splits as an orthogonal direct sum of linear maps
Definition We call a focal normal v of horizontal/vertical type if ker dη(v) has a non-trivial horizontal/vertical component. If a normal vector v is not a focal normal of horizontal type we call v f-regular. A point p ∈ N is called f-regular if there is an f-regular normal v such that η(v) = p. For a normal vector v ∈ ν x M we call the dimension of the horizontal factor of ker dη(v) the horizontal multiplicity of v.
Compare these definitions with [Ew] .
We assume that ϕ admits sections and that νM is flat. We define two distributions D and D ⊥ on the set of f-regular points in N by D ⊥ (p) = T p Σ, where Σ is a section through p; let D be the orthogonal distribution. The distribution D ⊥ and therefore D are well-defined on the set of regular points, since M admits sections, but a priori not on the set of f-regular points. It is easy to see that both distributions are integrable on the regular set: Let p be a regular point and v ∈ νM with η(v) = p. Recall that νM carries the horizontal foliation P given by normal parallelity, and the vertical foliation given by the fibers of the projection νM → M. Now let
The map η|U v maps vertical leaves diffeomorphically onto the connected components of the sections intersected with V . Because of (1), dη maps the horizontal distribution on νM to
Since U v is bifoliated and η|U v is a diffeomorphism, V is also bifoliated with respect to D and D ⊥ . We want to show that both distributions are also differentiable and well-defined on the set N r of f-regular points in N. Integrability is clear. Proof Existence follows by surjectivity of η. We show uniqueness. Let v 0 ∈ ν x M be an f-regular vector with η(v 0 ) = p. Then there is a simply connected
By shrinking U we can assume that T is an injectivity tube around P v 0 for small ε > 0. Let ρ : T → P v 0 be the projection. We have
• a slice of the tube T through η(v z ) ∈ P v 0 coincides with the component of
We can therefore extend D ⊥ differentiably to T as the kernel of the differential of the submersion ρ. Since D ⊥ is defined on the open and dense set of regular points of N,
• this extension is the unique differentiable extension of D ⊥ .
Let w 0 ∈ ν y M be another f-regular vector with η(w 0 ) ∈ T . The same process as for v 0 gives us a simply connected neighborhood U ′ of y, a parallel normal field w extending w 0 , P w 0 and its tube T ′ with the same properties. By eventually shrinking U ′ and the radius of T ′ we can assume T ′ ⊂ T . By the uniqueness of a differentiable extension of D ⊥ we conclude that the slices of T ′ are equal to the slices of T intersected with the open set T ′ . In particular, if η(w 0 ) = p this implies that v 0 and w 0 are tangent to the same section Σ x = Σ y . Again by (1) P w 0 intersects these slices orthogonally. Since w 0 is f-regular, η • w has maximal rank on a neighborhood of y. We can assume this neighborhood to be U ′ . Then P w 0 intersects the slices transversally, i.e.
• ρ • η • w : U ′ → P v 0 is a diffeomorphism onto its image.
We have seen above that the f-regular vectors in η −1 (p) are tangential to the same section. Now we are going to show that any w 0 ∈ νM with η(w 0 ) ∈ T is f-regular. Then T ∩ Σ is an open neighborhood of p in Σ only containing f-regular points. This implies that the set of f-regular points is open in N and that η −1 (p) only consists of f-regular vectors. We remark that this even shows that the f-regular points in a section Σ are open in Σ (see Remark(3)). Assume there is a focal normal w ∈ ν y M of horizontal type with η(w 0 ) ∈ T and U ′ a neighborhood of w 0 in νM such that η(U ′ ) ⊂ T . We can locally define a parallel normal field w extending w 0 . Then there is a simply connected neighborhood U of y in M and an ε > 0 such that the image of U under (1 + t)w lies in U ′ for all t ∈ (0, ε) and such that w ′ z is f-regular for every z ∈ U, where w ′ = (1 + ε)w. The geodesic γ w(z) intersects P (1+ε)w 0 , the image of η • w ′ , orthogonally in γ w(z) (1 + ε) for all z ∈ U by (1) or the Gauss Lemma for the normal exponential map. Then the image of γ w |[1, 1 + ε] lies in a slice of the tube
Since the right side is a diffeomorphism this implies that also η • w has maximal rank, i.e. w 0 is f-regular. ⊓ ⊔
(1) The lemma says that the preimage of a focal point η(v), where v is a focal normal of horizontal type, only consists of focal normals of horizontal type.
(2) The sections intersect the images of ϕ and η •v for f-regular v always orthogonally and transversally. This implies that ϕ and η •v factorize through injective immersions, the first even through an injective isometric immersion. A proper immersion ϕ factorizes finitely over an embedding (Proposition 2.2). We will furtheron assume that ϕ is injective and there is no loss of generality if we assume ϕ to be the inclusion map of M into N. But since a section Σ is a null-set in N, it is a priori not clear that the set of regular points in Σ is dense in Σ. The lemma can be applied to prove:
The subset of (almost) regular points in a section Σ is open and dense in Σ. We will show that the complement C of the set of regular points in Σ is a null-set. C is the union of the set A of endpoints of focal normals of horizontal type and the set B of f-regular focal points. We define S := M ∩ Σ. Take an arbitrary point x ∈ S. Then A is contained in the null set of endpoints of singular vectors in ν x M of η; if p is such an endpoint, there is a v ∈ ν x M with η(v) = p by completeness of Σ, and v is a focal normal of horizontal type by the lemma. B is the union of conjugate points of exp Σ x for every x ∈ S (normal vectors v ∈ νM such that η(v) is f-regular are tangential to Σ by the lemma and therefore have their foot point contained in S ). Since M intersects Σ orthogonally, the set S is at most countable. Thus B is a null set, too. This means that the set of regular points in Σ is open and dense in Σ. We remarked in the proof of the previous lemma that the subset of almost regular points in Σ is open in Σ. As the set of regular points is contained in the set of f-regular points, we have proved our claim.
is constant for any local parallel normal field v, i.e. the horizontal focal data is invariant under normal parallel translation, and (3) ϕ admits sections.
Note that this definition of a parallel focal structure differs from that in [Ew] ; we do not demand the invariance of the vertical data. We will show in Proposition 3.12 that this second invariance is an implication.
Example Regular orbits of polar actions have parallel focal structure. Isoparametric submanifolds in R n+k and equifocal submanifolds in simply connected, compact symmetric spaces obviously fulfill conditions (1) and (2) of a submanifold. The existence of sections is clear for the first class of submanifolds and a consequence for the second class. Theorem 3.10 will show, that they admit sections if and only if the set of parallel manifolds builds a foliation on the regular set, which is known for both classes.
LetM be the normal holonomy principal bundle over M equipped with the metric such that the projectionM → M becomes a Riemannian covering. Its normal bundle is globally flat andM → M has the lowest degree among all coverings of M with this property. Each normal vector v of M canonically defines a global parallel normal field onM , denoted byv. We will denote the normal exponential map ofM also by η.
Remark If ϕ is in addition proper and v is f-regular and has finite normal holonomy degree then η v = η •v :M → N is also a proper immersion, since η r is proper. Proof See [Ew] , Proposition 2.7. The statement is clear by definition for f-regular v. Let v be a focal normal of horizontal type. The focal foliation G given by η •v is regular in the sense of [Pa] because of the rank theorem. Then Theorem VIII of [Pa] implies that the quotientM /G is a differentiable manifold such that the quotient map is a submersion. Note that it is not necessarily Hausdorff or second countable.
A priori parallel or focal manifolds can have intersections with themselves or with other parallel or focal submanifolds. According to [HLO] , we say that M gives rise to a global foliation or
The aim of this section is to show that the parallel foliation induced by M is a global foliation of N. We will see that the normal exponential map exp ⊥ of M becomes a foliated map, mapping the horizontal foliation on νM to the parallel foliation F on N; moreover exp ⊥ respects the vertical foliation, mapping the vertical spaces ν x M onto the totally geodesic "leaves", the sections.
Our aim is to show that there is a bifoliation (N r , F , F ⊥ ), where F is a regular Riemannian foliation of parallel submanifolds of M and F ⊥ a foliation with totally geodesic submanifolds, the sections restricted to N r . Properness of ϕ is not assumed. Now we want to show that the parallel submanifolds M v for f-regular v are exactly the leaves of F . We first prove that M is a leaf, where we consider M to be included in N (see Remark(2)). Choose a point p in M. Since the bundle T M is equal to the distribution D of F restricted to M, we have M ⊂ M p , where M p is the leaf of F through p. We endow M p with the induced metric. As M is a connected, open and complete subset of M p it follows M = M p : Let q be a border point of M in M p , so q ∈ N\M. Let B be an injectivity ball of M p around q. Then there is a point
Proposition 3.4 The two distributions from above give rise to a bifoliation
′ has an open neighborhood in M. As M is complete, the geodesic γ −1 from q ′ to q with initial vector w is a geodesic of M, so q = γ −1 (1) lies in M, contradiction. Now let v ∈ ν p M be an f-regular vector and q = η(v). M p and M q are the leaves through p respectively q. We want to show M v = M q . The regular leaves have a flat normal bundle by Lemma 2.11. Let w = φ 1 (v). Let L v and L w be the horizontal leaves of νM p respectively νM q through v respectively w. We are going to show that the restriction of the time 1 map φ 1 of the geodesic flow of N to
on L v by (1), where D is the distribution of F and π : T N → N the foot point map.
is horizontal in νM q . It suffices to verify this locally. Let x ∈ M be arbitrary and
There is a neighborhood U of x in Σ x and a vector field X on U with X(x) = v ′ and such that π
We extend X to a simple neighborhood U ′ of x with U ′ ∩ Σ x = U such that the restriction of X to the plaques in U ′ are parallel normal fields. Then X is a foliated field on U ′ by Lemma 2.11. As above we see that π • φ 1 • X : U ′ → V ′ is a diffeomorphism onto its image V ′ , mapping plaques to plaques. Then the unique vector field
• X is foliated by Lemma 2.8. Thus the restriction of X ′ to a plaque P ′ of V ′ is a normal parallel field of P ′ by Lemma 2.11. In particular, this proves our claim that φ 1 (L v ) is horizontal in νM q and φ 1 (L v ) ⊂ L w . By the same argument as above we have
Lemma 2.11 implies that every parallel submanifold has a flat normal bundle.
⊓ ⊔
In Proposition 2.2 in [HLO] it is shown that each parallel normal field of M is transported to a parallel normal field of M v by the parallel transport in the sections.
Let ϕ : M → N be an immersion with parallel focal structure. The map ϕ factorizes over an injective isometric immersion, so we can assume M ⊂ N and that ϕ is the inclusion. Then we have a bifoliation on N r given by parallel submanifolds and restrictions of sections to N r . The last proposition says that each parallel submanifold M v has a flat normal bundle. Any parallel manifold has the same set of sections as M; in fact, if
By a similar argument as in Lemma 3.2, we can show that each parallel submanifold has the same set of f-regular points in N, namely N r , and therefore admits sections. This means that in order to show that M v has parallel focal structure it remains to prove property (2). We will see this in Theorem 3.11.
Let η ′ be the normal exponential map of a parallel manifold M ′ and L be a horizontal leaf of νM ′ containing an f-regular vector. Then η ′ (L) lies in a parallel manifold M ′′ by (1). A similar argument as in Proposition 3.4 shows that η ′ |L : L → M ′′ is a covering. Note that η ′ |L has (constant) maximal rank. In other words η ′−1 (N r ) is saturated with horizontal leaves and η ′ : η ′−1 (N r ) : η ′−1 (N r ) → N r is foliated with respect to the horizontal foliation of η ′−1 (N r ) and the foliation of N r by parallel manifolds. Note that in order to prove that M ′ has parallel focal structure, it now suffices to prove that η ′ has maximal rank when restricted to a horizontal leaf in νM ′ through a focal normal of horizontal type. We will handle this problem by considering a map, where these focal points of horizontal type are dissolved.
Our main goal in this section is to show first that F = {M v | v ∈ νM} is a global foliation and then a singular Riemannian foliation. We will associate to (N, F ) a certain foliated manifold (N,F ). An analysis of this foliation will yield the results. Boualem defines this Riemannian foliationF in [Bou] from a singular Riemannian foliation F . Thus we cannot use his construction. Instead we build upF with the normal exponential map.
For an f-regular point x ∈ N let η x : νM x → N be the normal exponential map of the leaf M x . We defineη
and letπ :N → N be the footpoint map of G k (T N) restricted toN. Then we havê N =η x (νM x ) for any f-regular point x ∈ N since the set of sections of two different parallel manifolds coincide. Our next aim is to give a bifoliated manifold structure toN . The idea is to modelN on the normal bundles of the parallel submanifolds. The normal bundle νM has two natural, complemetary foliations, one given by the flat horizontal structure, the other by the fibers of the projection νM → M.
Let p ∈ N be arbitrary. We fix r > 0 and take ε ′ > 0 to be smaller than the injectivity radius of any point q ∈B r (p) in N. There is an f-regular point x and a vector v ∈ ν x M x with η x (v) = p that is not a focal normal of vertical type. One can see that dη x (w)|H M w is injective for any w ∈ νM x . Thereforeη x has maximal rank on a neighborhood of v, even if v is a focal normal of horizontal type (this is what we meant before by dissolving focal points). This means there is a neighborhood U of v in νM x such thatη x |U : U → G k (T N) is an embedding into G k (T N) and such that the footpoint set V ofV :=η x (U) is contained inB ε ′ (p). We take a ball neighborhood P of x in M x and a neighborhood U 0 of v in ν x M x such that φ : P × U 0 → U; (y, w) → w y is an injective immersion into U, where w y is the normal parallel displacement of w to y. We reduce U to the image of φ so that φ becomes a diffeomorphism onto U. We choose an f-regular point
for some ε with 0 < ε < ε ′ . The map η x |φ({y} × U 0 ) is a diffeomorphism onto its image V y for any y ∈ L by choice of U (note that U does not contain any focal normals of vertical type). We shrink U 0 such that this map is a diffeomorphism onto
Lemma 3.5 The map α y :
is an isometry, where v x ∈ U 0 and v y is the normal parallel displacement of v x to y ∈ P .
Proof The set V r = V ∩ N r is open and dense in V and U r = η −1
x (V r ), saturated by leaves of the shape P × {w}, w ∈ U 0 , is open and dense in U. We consider the diffeomorphism η : U r → V r . A horizontal foliated field on U r maps to a foliated field von V r that is a parallel normal field when restricted to the plaques of parallel manifolds in V r by Lemma 2.11. Moreover, any such parallel normal field along a regular plaque is given this way. If w ∈ U 0 is f-regular, P w = η(φ(P × {w})) and X is a parallel normal field on P w , then (α y ) * X(η(w)) = X(α y (η(w))) . It follows that α y : V x ∩ N r → V y is a local isometry. As V x ∩ N r is open and dense in V x , α y : V x → V y is an isometry.
There is exactly one
) is equal to the transversal plaqueV y for any y ∈ P by choice of ε ( * ). Moreover, the map k : w) ) is diffeomorphism. Now let w ∈ U 0 be an arbitrary f-regular vector and u = k(w) ∈ U ′ 0 . We extend w and u to parallel normal fields on P respectively P ′ . The images of η x • w and η p ′ • u lie in the same plaque in V . Aŝ π is injective over N r , the image ofη p ′ • u lies in the plaqueη x (φ(P × {w})) inV . Together with ( * ) we haveη • w =η p ′ • u • h on P . By continuity we havê
for any y ∈ P and w ∈ U 0 . So far we have the following. Given any k-plane ξ ∈N , any normal vector v of a parallel manifold M x (where x is the footpoint of v) that is not a focal normal of vertical type, defines as above a neighborhoodV of ξ. A chart is given byη x : U → V . The discussion above implies that any two chart domains V intersect in open subsets of each other. So the union of topologies on the various neighborhoods V forms a basis for the topology onN , andN is a topological manifold. In addition we see that the change of coordinates (h, k) is differentiable, soN carries a differentiable structure. Sinceη x is also differentiable as a map into G k (T N), the differentiable structure is the unique one for which the inclusionN → G k (T N) is an immersion. Moreover, the chartη x : U →V induces two foliations onV that are complementary to each other. The leaves of the first are given byη x (φ(P × { * })), the second bŷ η x (φ({ * } × U 0 )). A look at the change of coordinates (h, k) reveals that these local foliations coincide on intersections. This gives us a (vertical) foliationF and a complementary (horizontal) foliationF ⊥ onN .
Proposition 3.6N carries a natural differentiable structure, for which the inclusion into G k (T N) is an immersion. MoreoverN has a natural bifoliation (F,F ⊥ ).
Since we have not yet defined a metric onN, the denotation ofF ⊥ has to be justified. The Grassmann bundle carries a canonical metric (see appendix) for which the projection G k (T N) → N is a Riemannian submersion. The horizontal distribution of this bundle is given as follows. Let ξ ∈ G k (T N) be a k-plane through a point p ∈ N spanned by an orthonormal k-frame (v 1 , . . . , v k ). Then the horizontal liftc of a curve c in N with c(0) = p to ξ is given bỹ
In particular, the tangent bundle T Σ of a totally geodesic submanifold Σ of N is horizontal with respect to G k (T N) → N. We denote the pullback of this metric under ι byĝ.
Proposition 3.7 The foliationF
⊥ is orthogonal toF and we havê
In particularF ⊥ has complete totally geodesic leaves. Therefore (F,F ⊥ ) is a Riemannian/totally-geodesic bifoliation of (N,ĝ).
Boualem says in [Bou] that this is true for some metric onN. We prove it for the natural metricĝ.
Proof For a k-plane ξ ∈N through a point p in N there is a section Σ such that T p Σ = ξ. Letη x : U →V be a chart with ξ ∈V . Then there is a u ∈ U witĥ η x (u) = ξ and V y is an open neighborhood of ξ in Σ y . Thus the distribution T Σ is open in the leaf L ξ ∈F ⊥ through ξ. By the definition ofĝ, the submanifold T Σ is horizontal for G k (T N) → N. Since the horizontal lift of a geodesic along the Riemannian submersion G k (T N) → N is a geodesic, T Σ is a complete, totally geodesic submanifold of G k (T N) and ofN. Then T Σ = L ξ since T Σ is open in L ξ , connected and complete.
We consider a chartη x : U →V . For v ∈ U with footpoint x and a horizontal vector X ∈ T v U and a vertical vector Y ∈ T v U. We havê
The first equality is valid because dη(v)Y ∈ Tη (v) T Σ is horizontal for π : G k (T N) → N and π is a Riemannian submersion. The second equality follows from dη(v)Y ∈ T η(v) Σ x and dη(v)X ⊥ T η(v) Σ x by (1). This implies thatF ⊥ is the orthogonal foliation toF with respect toĝ.
⊓ ⊔
We defineM x =π −1 (M x ) for f-regular x ∈ N.
Lemma 3.8 Let x be an f-regular point in N. Then the leaves ofF are the parallel submanifolds ofM x which have the shapeη x •v(M x ) and the mapη x : νM x →N is foliated with respect to the natural bifoliation on νM x and (F,F ⊥ ).
Proof For any f-regular x the restriction ofη x to the set of f-regular vectors in νM x respects the foliations by definition, i.e., it maps leaves into leaves. By continuitŷ η x : νM x →N respects the foliations on the whole domain. At the end of the proof we see that this map is an f-map, which means that it sends leaves onto leaves.
Let x be f-regular. Then there is exactly one section through x, soπ −1 (x) = {T x Σ x }. Let L be the leaf ofF through V , where V = T x Σ x . We want to show that the map π : L → M x is a diffeomorphism and L =M x . The set Z of points y in L such that π(y) ∈ N r is clearly open. Let y ∈ L\Z be arbitrary, i.e., there is a focal normal v ∈ νM of horizontal type with η(v) =π(y). We find a neighborhood W of v in the horizontal leaf of νM through v such thatη|W is a diffeomorphism onto its image. Then η(W ) is an open neighborhood of y in L. Thenπ(η(W )) = η(W ) has no intersection with N r . Thus Z closed in L and Z = L by connectivity. Thereforeπ|L is injective. Now
y ) and 0 y is f-regular for η x . Thereforeπ : L → M x is a diffeomorphism with inverse map s and L =M x . Using that the horizontal leaves are complete we can argue as in the proof of Proposition 3.4 to show that the leaves ofF are exactly the parallel submanifolds ofM x . Now let x be an f-regular point. If we identify νM x and νM x thenη x : νM x →N is the normal exponential map ofM x inN . Since we know that the image of a horizontal leaf underη x is a parallel manifold ofM x , thus a leaf of F , we conclude thatη x is an f-map forF . It is an f-map for F ⊥ since the horizontal leaves ofN are complete.
⊓ ⊔ Note thatπ|π −1 (N r ) :π −1 (N r ) → N r is an f-isomorphism. If we already knew that F = {M v | v ∈ νM} is a global foliation we would have thatπ : (N,F ) → (N, F ) is foliated.
Later we prove thatM x is connected also for a focal point x of horizontal type. This will show that F is a global foliation.
Up to now we have not assumed properness of ϕ. Now let ϕ : M → N be a proper immersion with parallel focal structure and finite normal holonomy. We know that the parallel submanifolds are injectively immersed and orthogonal to the sections in each point of intersection. So far this is not clear for the focal submanifolds. Please note that the fact
We will be able to show this ifv(y) is tangential to the same section asv(x) is. The next lemma will enable us to reduce our problem to this case and we will finally show that the focal submanifolds are embedded in Theorem 3.10. We need some preparations. Let v ∈ ν xM be a focal normal of horizontal type and p = η(v). Let F = Fv x be the focal leaf associated to v containing x. Define F 1 v =v(F ) and
⊥ . The rank theorem states that we can write η •v :M → N locally in coordinates as (x 1 , . . . , x n ) → (x 1 , . . . , x n−µ(v) , 0, . . . , 0), where µ(v) is the horizontal multiplicity of v. This implies that for arbitrary y 1 , y 2 ∈ F we find neighborhoods U 1 , U 2 such that images of (η •v)|U 1 and (η •v)|U 2 coincide. In particular, we have (d(η •v)(y)(T yM )) ⊥ = V for every y ∈ F . By (1) T p Σ y ⊂ V for every y ∈ F .
Lemma 3.9 Let ϕ : M → N be a proper immersion with parallel focal structure and finite normal holonomy. Let v ∈ ν x M be a focal normal of horizontal type, p = η(v). Then the set of sections Σ containing p is J = {Σ y | y ∈ F }, where F is the focal leaf associated to v through x. Moreover, we have Σ∈J T p Σ = V .
Proof We first prove the second statement. The inclusion from left to right was already shown before the lemma. Now let w ∈ V be arbitrary. F 1 v =v(F ) is compact since η r is proper and ϕ has finite normal holonomy. φ 1 maps F 1 v diffeomorphically onto a compact submanifold F ′ of V . Therefore we find a shortest ray γ in V from F ′ to w. Then γ is orthogonal to F ′ in some point v ′ := φ 1 (u), where u ∈ F 1 v with foot point y ∈ F . As we will soon see
, which implies that γ and therefore w lies in T p Σ y . We want to show
is the horizontal multiplicity of v and k the codimension of M, we have
′ by equality of dimensions.
We will now prove the first statement of the lemma. Assume Σ is an arbitrary section containing p. Then by completeness of Σ there is a u ∈ νM tangential to Σ with η(v) = p. Then φ 1 (u) ∈ V . We have seen above that φ 1 (u) is tangential to a section Σ of J. Then the same is true for u. By Lemma 3.2 there is only one section containing the geodesic γ u . Thus Σ ∈ J.
Compare the following statement with the weaker result of Corollary 2.14 in [Ew] . That corollary is based on Lemma 2.13, [Ew] which is not proved correctly (see the first sentence of the proof). Proof Assume η(v) = η(w) =: p. We have to show M v = M w . If p is f-regular, then v and w are tangential to the same section by Lemma 3.2, soη(v) =η(w). By Proposition 3.8 it followsη •v(M ) =η •w(M) and therefore M v = M w becausê π •η = η. Now let p be a focal point of horizontal type and let Σ be the section to which v is tangential. The focal leaf F associated to w induces the set of sections J w as above. Because of Σ ∈ J w , there is a normal parallel translation w ′ ∈ F 1 w of w that is tangential to Σ. Because ofη(v) =η(w ′ ), we conclude M v = M w ′ = M w as above, so F is a global foliation.
We already know that the parallel submanifolds are closed and embedded. We will use a similar argument as above to show that the same is true for the focal submanifolds. Let v ∈ ν xM be a focal normal of horizontal type with endpoint p. Assume there is a y ∈M such that η(v y ) = p. As above we find a point y ′ in the focal leaf associated to v through y such thatv y ′ is tangential to the same section as v x , soη(v x ) =η(v y ′ ). Sinceη is foliated and dη(w)|H M w has rank n for any w ∈ νM there are neighborhoods U 1 and U 2 of x and y ′ inM such that (η•v)|U 1 and (η•v)|U 2 are diffeomorphisms onto the same image. As a consequence of the rank theorem applied to η •v :M → N and the compactness of focal leaves we can replace U 1 and U 2 by neighborhoods of x and y ′ that are saturated with focal leaves associated to v such that (η •v)|U i is a submersion onto its image in M v . Since y was arbitrary, this means that M v has neither intersection points nor contact points. As η •v :M → N is proper, M v is closed and embedded by Proposition 2.2. Now νM p is well-defined for p ∈ M v . Lemma 3.9 now states that ν p M v is the union of all T p Σ, where Σ is a section through p. This implies that also a focal submanifold intersects each section it meets orthogonally. Moreover, this shows that F is transnormal: If γ is a geodesic with initial vector v ∈ ν p M p , then v is tangential to a section Σ through p and γ is contained in Σ. Therefore γ is orthogonal to every leaf of F it meets.
The starting point of our work was the question, under which conditions a submanifold M in N induces a global foliation through parallel submanifolds. In order to define parallel submanifolds we have to demand flatness of νM and that the maps η •v have constant rank. These are conditions (1) and (2) of a submanifold with parallel focal structure. The existence of sections is a common condition in related theories, like in the theory of polar actions for instance, which is one part of condition (3). The theorem now states that M with the above properties induces a global foliation if and only if M admits sections. (Necessity is clear. Otherwise there is a regular point p and two sections Σ 1 and Σ 2 with T p Σ 1 = T p Σ 2 . Then there are two parallel manifolds
We call the elements of F leaves. A leaf is called regular if its dimension is maximal in F , otherwise singular. A regular leaf with non-trivial normal holonomy is called exceptional.
A point in N is f-regular if and only if it is contained in a regular leaf of F . This justifies the denotation: the "f" in f-regular stands for foliation.
Remark Let M be a regular leaf and let P be the horizontal foliation on νM. Then η : (νM, P) → (N, F ) is foliated.
In Theorem 4.3 we will show that F is a singular Riemannian foliation admitting sections. Then we can apply the Slice Theorem of Alexandrino, Theorem 4.4, and derive Corollary 4.5, which states that there is a neighborhood of a given leaf M v containing no leaf of lower dimension. But this result can also be obtained easily by using the lower semi-continuity of the rank ofη :M × ν x M → N; (y, w) → η(w(y)). For this purpose we have to assume that v is not a focal normal of vertical type, otherwise we replace M appropriately. Proof We have already seen that a parallel submanifold is embedded and has a flat normal bundle. Let M v , v ∈ ν x M be a parallel submanifold and p = η(v). Let M u be a focal submanifold of M and let L be the leaf ofF over
L is an isomorphism for any u ′ parallel to u in νM. Since M has parallel focal structure, µ(u ′ ) = rank dη(u ′ )|H M u ′ , the horizontal multiplicity, is constant for all u ′ which are parallel to u in νM. Now η =π •η implies that c := rank dπ|T V L, V ∈ L is constant. Let w ∈ νM p be an arbitrary vector with endpoint in M u . Again by η p =π •η p we can now conclude that the horizontal multiplicity dη p (w ′ )|H Mv w ′ is equal to c for any w ′ parallel to w in νM p . In particular, f-regular points of M v and of M coincide. Since M v has the same sections as M, there is exactly one section of M v through a given f-regular point of M v , i.e. parallel submanifolds also admit sections. Thus M v has parallel focal structure.
It remains to show that every parallel submanifold of M has finite normal holonomy. Let M x be the parallel submanifold through a point x, Σ = Σ x and Γ x the normal holonomy group of M x in x, acting on ν x M x = T x Σ. Since M x has parallel focal structure, the focal points of horizontal type of M x are bounded away from 0 by a number ε ′ > 0. Let ε be the minimum of ε ′ and the injectivity radius of Σ in x. Then Γ x acts on B Σ ε (x), such that both actions of Γ x , restricted to the balls of radius ε, are equivariant with respect to exp Σ x . The orbit Γ x (q) of an arbitrary point q ∈ B Σ ε (x) is contained in M q ∩ Σ, where M q is the parallel submanifold through q. Since M q is closed and embedded, M q ∩ Σ is closed and discrete, so Γ x (q) is finite. Therefore each orbit of the action of Γ x on ν x M x is finite. As this action is linear and effective, Γ x is finite and M x has finite normal holonomy.
⊓ ⊔ Ewert states this result in Proposition 2.9 in [Ew] , but his proof is not correct. In the fourth last line of p. 20 he writes that V * ∂ t (1, ·, t) is a parallel normal field along the focal submanifold through V (1, 0, t). This is not true. Indeed, he refers to Proposition 2.4, [Ew] , which is not correct if M z is a focal submanifold; take x := z • c for instance.
The theorem shows that every vector in η −1 (p) has the same horizontal multiplicity. Since a normal vector is f-regular if and only if its horizontal mulitplicity is zero, this is a generalization of Lemma 3.2.
Proposition 3.12 Let M be a closed and embedded submanifold with parallel focal structure and finite normal holonomy. If v ∈ νM is a multiplicity k focal normal of vertical type so are its normal parallel translations. In other words the vertical focal data is also invariant under normal parallel translation. If v is a cut normal, so are its normal parallel translations. In particular, the cut distance function is constant along the parallel normal fields.
The proposition can be easily proved with Theorem 4.7, whose assumption is that F is a singular Riemannian foliation admitting sections, but which is also valid in our situation. We will introduce the theorem in the context of singular Riemannian foliations, section 4 in order not to disturb the current development in this section. Therefore we postpone the proof until the next section.
This proposition says that the cut locus of M is already determined by its intersec-tion with a section and that we can easily distinguish a submanifold with parallel focal structure from other submanifolds by its cut locus. Our next aim is to show the following theorem. We need some preparations.
Lemma 3.14 Let v ∈ ν xM be a focal normal of horizontal type that is not of vertical type. Then there is a neighborhood U of x that is saturated by focal leaves of v, an open relatively compact neighborhood
P of η(v) ∈ M v , ε > 0, a neighborhood V of v x ∈ ν xM such that (1) η •v : U → P is a
surjective fibration whose fibers are the focal leaves. This gives a local trivialization
U ∼ = F v × P . (2)η : U × V → T (P, ε); (y,w x ) → η(w y ) is surjective. (3) Fw y ⊂ Fv y for any (y,w x ) ∈ U × V .
That means that the focal foliation given by η •w is finer than the focal foliation given by η •v.
(4) Each section through a point q ∈ T also contains the unique point p ′ in P that is in the same slice as q, i.e., J q ⊂ J p ′ .
(5) Let p ∈ P and S p be the slice in T through p. Then S q ⊂ S p for any q ∈ S p .
Proof Let v ∈ ν xM be a focal normal of horizontal type. The focal foliation given by the submersion η •v is regular in the sense of [Pa] and the leaves are compact. This implies that η •v is locally a fibration by Corollary 2 of Theorem X of [Pa] , i.e., there exist local trivializations of η •v. Therefore we find a saturated neighborhood U of the focal leaf F v through x such that (ρ, η •v) : U → F v ×P is a diffeomorphism for some projection ρ : U → F v and P = η •v(U). Now let v ∈ ν xM be not a focal normal of vertical type. We can choose U such that P is relatively compact. There is a number ε > 0 such that T (P, ε) is an injectivity tube of P with radius ε. By Proposition 3.12 every normal parallel translation of v is not a focal normal of vertical type either. Then there is a neighborhood V of v in ν xM such thatη(y, · ) : V → Σ y is a diffeomorphism onto its image for every y ∈ U, whereη : U × V → N; (y,w x ) → η(w y ). We can assumeη(y, · ) : V → B Σy ε (p) is a diffeomorphism, eventually shrinking ε and V . By Lemma 3.5 and the remark following it α y : B Σx ε (p) → B Σy ε (η(v y )) is an isometry. Asη(y, · ) = α y •η(x, · ) we haveη({y} × V ) = B Σy ε (η(v y )). Thenη : U × V → T is surjective because the slice S q of P in T through q ∈ P is equal to S q = {B Σy ε (q) | y is in the focal leaf associated to v through y} for any q ∈ P by Lemma 3.9.
Let y ∈ U and u ∈ V be arbitrary. Let F ′ be the focal leaf associated to u through y. Let q = η(ū y ) and p ′ = η(v y ) ∈ P . We want to show that F ′ is contained in the focal leaf F associated to v through y. This is clear if u is f-regular. We assume that u is a focal normal of horizontal type. The section Σ := Σ y contains p ′ and q. There is a vector w ∈ T p ′ Σ ⊂ ν p ′ M v of length smaller than ε with endpoint q. For z ∈ U we define w z = dα z (p ′ )w, where
) as above but with central point p ′ instead of p. The endpoint α z (q) of w z is still in T (P, ε) because w z = w < ε for all z ∈ U. For all z ∈ F ′ ⊂ U we have q = η(ū z ) = α z (q), thus w z = w since w is unique among the vectors of νP of length smaller than ε with endpoint q ∈ T . Therefore η(
(In other words, the foliation of focal leaves given by η •ū is finer than the foliation of focal leaves given by η •v.) By Lemma 3.9 we obtain that the set J p ′ of sections through p ′ contains the set J q of sections through q. Therefore
where (Σ ∩ T ) q denotes the connected component of Σ ∩ T containing q.
⊓ ⊔
Proof of Theorem 3.13. By Theorem 3.11, it remains to show that Ξ(F ) acts transitively at a given point p. This is clear for f-regular p ∈ N, since the set of f-regular points N r is foliated by Proposition 3.4. Therefore we assume that p is a focal point of horizontal type of M and v ∈ ν xM with η(v) = p. We assume that v is not a focal normal of vertical type, otherwise we replace M by a parallel manifold. Now we use the same objects as in the previous lemma. We want to define a distribution
Thus, for any p ∈ P and X 0 ∈ T p P there is a vector field X of D ′ in T extending X 0 . If f : N → R is a bump function with support in U and f (p) = 1 then f X ∈ Ξ(F ) with (f X) p = X 0 . Since p and X 0 were arbitrary, Ξ(F ) acts transitively.
We can now exploit the theory of singular Riemannian foliations for submanifolds with parallel focal structure. Implications will be given in the next section. The converse was proven in [A] . We give a different proof in the next section.
Singular Riemannian Foliations

Parallel Focal Structure of Regular Leaves
Let F be a singular Riemannian foliation admitting sections of a complete Riemannian manifold N. Let M be a regular leaf and η : νM → N be its normal exponential map. We have seen in Lemma 2.11 that νM is flat. Therefore νM is endowed with a natural foliation of horizontal leaves.
Lemma 4.1 A point of N is F -regular if and only if it is f-regular. In particular the subset of F -regular points in a section is open and dense.
Proof Let p be F -regular and v ∈ η −1 (p) with footpoint y. We have to show that v is f-regular. Let P p be a relativey compact of p in M p , the leaf of F through p, let T be an injectivity tube of P p and ρ : T → P p be the orthogonal projection which is the projection along the sections. We will now use an argument similiar to one in Lemma 3.2. We extend v to normal parallel field on a simply connected neighborhood of y in M y . By the Morse Index Theorem η • ((1 + t)v) has maximal rank on a small neighborhood U of y for small t, therefore ρ • η • ((1 + t)v) is a submersion onto its image in P p by (1). We have
Now let p be f-regular, i.e. there is a vector v ∈ νM with endpoint p. We denote the footpoint of v by x. For a small simply connected relatively compact neighborhood U of x in M, η • v ′ |U is a diffeomorphism onto its image P v where v ′ is the parallel normal field on U extending v. Then there is an injectivity tube T ′ of P v with radius ε ′ . The tube T ′ is open in N and is foliated by its slices. The slice through η(v ′ y ) is the connected component in T ′ of the section Σ y containing y for y ∈ U. Now assume that p is singular with respect to F . Let T be an injectivity tube of a small open subset P p of the singular leaf M p containing p with radius ε < ε ′ and T ⊂ T ′ . Note that T is a distinguished neighborhood of P p in the sense of Molino (see [Mo] ). Since the set of F -regular points is open and dense in N by [Mo] there is an F -regular point q ′ in T . The plaque P q ′ of the regular leaf M q ′ in T ′ intersects the slices of T ′ transversally and orthogonally. Indeed the slices are exactly the connected components of the sections of
Since T is open in N there is a slice S of P p of T whose subset R of F -regular points is non-empty; otherwise we would obtain a contradiction to the density of F -regular points in N.
Since R is open in S and the dimension k of a section is smaller than the dimension of S there are at least two vectors w 1 , w 2 ∈ ν p P p = T p S with exp(w i ) ∈ R such that T p Σ 1 = T p Σ 2 , where Σ i is the unique section to which w i is tangential (namely Σ i = exp(νM η(w i ) ). But this is a contradiction to the fact that T ′ is foliated by the restriction of the sections of P q ′ to T ′ .
⊓ ⊔
Remark The set of singular points on a bounded segment of a geodesic γ v for a vector v ∈ νM is finite by the lemma and the Morse Index Theorem.
The lemma implies that a regular leaf M admits sections in the sense of section 4.
Proposition 4.2 The map η : νM → N is foliated and the restriction of η to a horizontal leaf in νM has constant rank.
Proof Let v ∈ νM with endpoint p and footpoint x. We define
where L v is the horizontal leaf of νM through v. We want to show that Z is open and closed in L v and therefore equal to L v by connectivity. Let w ∈ Z with footpoint y and q = η(w). Let P q be a relatively compact open neighborhood of q in M q and let T be a distinguished neighborhood of P q . Since Ξ(F ) acts transitively we can assume that each plaque in T intersects each slice of T and always transversally. Thus the restriction of the projection ρ : T → P q to an arbitrary plaque in T is a surjective submersion. We choose a positive number t < 1 such that tv is f-regular and γ w |[t, 1] lies in T . We see that γ w intersects P q orthogonally for t = 1 since F is transnormal and γ w |[t, 1] lies in the slice of T through q. The leaf M tv is regular by the previous lemma. Let
This means that we can replace M by M tv for our considerations and assume that γ w |[0, 1] is contained in a slice of T , so in particular y ∈ T . Let P y be the connected component of M y in T containing y. We define the function r : T \P q → R measuring the distance to P q and let X = − grad r be the negative of the radial vector field. Then w = w X y . Note that X|P y is a normal vector field of P y . The flow of X is a family of homotheties in T centered at P q which respects the singular Riemannian foliation by the Homothety Lemma (see [Mo] ). Lemma 2.8 now implies that X is a foliated vector field on a neighborhood of P y in T . Thus X|P y is a normal parallel field of P y by Lemma 2.11 and the image of P y under X is an open subset of the horizontal leaf L v in νM x containing w. We want to show that (η • ( w X))|P y = ρ|P y which implies that Z is open in L v . But this follows from the observation that φ X (t, z) = γ Xz (t) for t ∈ [0, w ) and z ∈ P x where φ X is the flow of X; note that w is the distance of P y and P q . We remark that this implies that η|L v has constant rank and its image is open in M p . Now let w / ∈ Z with footpoint y and endpoint q. By assumption q / ∈ M p . As above we show that an open neighborhood of w in L v is mapped to M q which is disjoint to M p by definition of F . Therefore the complement of
There is an injectivity tube T of some open neighborhood P q of q in M q . As Ξ(F ) acts transitively, we can assume that any plaque in T meets any slice of P q , and always transversally. Now there is a w ∈ L v such that η(w) ∈ P q . As above we can assume that the footpoint y of w is contained in T . Then we define X = − grad r on T \P q and we have w = w X y . The endpoint of w X y ′ for y ′ ∈ P y is the unique point in the intersection of P q and the slice of P q containing y ′ . Since P y ′ meets any slice of P q , in particular the slice through q, we have q ∈ η(L v ) and η(L v ) = M p .
As a direct consequence we obtain the following theorem of Marcos Alexandrino.
Theorem 4.3 (Alexandrino) A regular leaf of a singular Riemannian foliation admitting sections of a complete Riemannian manifold has parallel focal structure.
Remark We need the following discussion for Theorem 4.19. Let p be a singular, P a relatively compact neighborhood of p in M p , T an injecitivity tube of P and S the slice through p. Let M be a regular leaf that intersects S in a point x. Then there is a geodesic γ v : [0, 1] → N in S from x to p. Let ρ :M → M and ρ ′ : νM → νM be the canonical projections. We choose a pointx with ρ(x) = x. Let F be the focal leaf inM associated tov(x). Then F 1 =v(F ) is the connected component of
. It is clear that the connected component A of M ∩ S through x contains ρ(F ). From the proof above we know that X = − v grad r is a parallel normal field when restricted to M ∩T . We see that ρ ′ : F 1 → X(M ∩S) and ρ : F → M ∩ S are coverings. We can push down the focal leaf F to a submanifold in M and the focal parallel normal field on F to one on that submanifold. We have done this for M intersecting S. But this is true for any regular leaf M with M v = M p using the technique introduced in the proof of the Proposition 4.2.
The following is a slice theorem for singular Riemannian foliations admitting sections. An isoparametric family of submanifolds of R m is given as the level sets of a transnormal map. Therefore the isoparametric family in R m and F |S q are proper singular Riemannian foliations, i.e., its leaves are closed and embedded.
Corollary 4.5 Let F be as above and let M be a leaf of F . Then there is a neighborhood of M that contains no leaf of lower dimension than dim M.
⊓ ⊔
We already know this result. It follows from the existence of foliated charts for singular foliations, see 2.2.
Transversal Holonomy
Let (N, F ) be as in the previous subsection. Then by Theorem 4.3 and section 3
Σ is a section of F through p} carries the unique differentiable structure for which the inclusionN → G k (T N) is an immersion (see Proposition 3.6). Moreover,N , endowed with the pull-back metric, carries a Riemannian/totally-geodesic bifoliation (F,F ⊥ ), wherê
The footpoint mapπ : (N,F) → (N, F ) is foliated and it maps a horizontal leaf T Σ isometrically onto the section Σ. Thus we know that the image of a leaf ofF is a leaf ofπ. We want to see thatπ −1 (M) is a leaf, where M ∈ F . This is clear for regular M. Let M be singular and p ∈ M. By defintionπ −1 (p) is the set of sections through p. It suffices to show that this set is contained in one leaf ofF . Let S p be a slice through p. The corresponding isoparametric partition of ν p M p given by Theorem 4.4 has closed and embedded regular leaves with parallel focal structure and finite normal holonomy. Now Proposition 3.9 describes the set of sections through p as the image of a focal leaf associated to v underη •v for some v ∈ νM, soπ −1 (p) is contained in one leaf. This meansM p :=π −1 (M p ) is a leaf. Thereforê
For a curve τ : [0, 1] → N in a regular leaf of F and a curve σ : [0, 1] → N in a section, both starting in an F -regular point, we defineτ (t) := T τ (t) Σ τ (t) and
Moreover we have
, whereĤ (τ ,σ) is the homotopy given in Lemma 2.12 for (N;F ,F ⊥ ).
Proof Existence follows by H (τ,σ) =π•H (τ ,σ) , where H (τ ,σ) is the homotopy defined in Lemma 2.12 for the bifoliation (F,F ⊥ ) ofN . We want to show uniqueness of H (τ,σ) . Let H be an arbitrary homotopy with the four properties in the lemma. We defineĤ(s, t) := T H(s,t) Σ τ (s) . ObviouslyĤ(s, · ) lies in the horizontal leaf T Σ τ (s) .
The curve H( · , t) =π•Ĥ( · , t) lies in the leaf M σ(t) by assumption. By the discussion at the beginning of this subsection,π −1 (M σ(t) ) is a leaf ofF . ThereforeĤ( · , t) is contained in a vertical leaf. By Lemma 2.12 we haveĤ =Ĥ (τ ,σ) and therefore
In the sequel we think of the universal coverM respectivelyΣ as the set of equivalence classes of vertical respectively horizontal curves starting from x 0 , where the equivalence is given by homotopy fixing endpoints. We define
and
We could have defined ψ by the above formula. The reason that we did not is that we wanted to emphasize that the definition of ψ only depends on F , namely on the property of Lemma 4.6, and not primarily on its blow-up. For the proof of this property we have used the blow-up nevertheless. This theorem describes a topological difference between a singular Riemannian foliation admitting sections and a polar action, namely the normal holonomy of a section. While the sections of a polar action are isometric to each other, the sections of a singular Riemannian foliation only have the same Riemannian universal cover. We want to explain this in more detail. We can define a local isometry along a vertical curve τ starting in Σ similarly as in Verweisl 3.5. It is important to know that in general such a map cannot be extended to an isometry that is defined on all of Σ. For instance consider the Klein bottle N = [0, 1] 2 / ∼, where we identify the two vertical edges in opposite direction and the horizontal ones in common direction. The two partitions, the one into vertical, the other into horizontal lines, build a bifoliation, so in particular a singular Riemannian foliation admitting sections. Take M to be a vertical line and Σ to be the exceptional horizontal line. Let τ be a curve in M from a point in Σ to a point that is not in Σ. Obviously we cannot extend a local isometry defined as above to a map defined on Σ that respects the foliation. But we can develop these maps on the Riemannian universal coverΣ and this is T [τ ] : (Σ, τ (0)) → (Σ, τ (1)). The set of the above local isometries along vertical curves τ that start and end in Σ becomes a pseudogroup of local isometries on Σ while the set of its developments T [τ ] becomes a group acting onΣ that we will later denote byΓ. It is more convenient to work with this group than with the corresponding pseudogroup. On the other hand we have to handle additional elements, namely the deck transformations of π Σ :Σ → Σ, which are contained iñ Γ, but do not contribute to the geometry of F . Therefore we will divide them out and obtain a group Γ acting on Σ, that completely describes the holonomy of F . Lemma 4.8
.
Lemma 4.9Γ is a subgroup of I(Σ) andΛ a subgroup of Diff(M ).
Proof We only prove thatΓ is a subgroup of I(Σ), the proof forΛ is similar. Let (1)) is an isometry and left multiplication with
[σ] is an isometry from (Σ, τ (1)) to (Σ, x 0 ), the given element is clearly an isometry of (Σ, x 0 ). We want to determine its inverse. Let
where c x 0 is the constant curve with image x 0 . Thus any element ofΓ has a left inverse. Now we want to show that the product of two elements [σ]T [τ ] and
The next lemma shows howΓ depends on the choice of the base point x 0 .
Lemma 4.10 LetΓ respectivelyΓ ′ be defined as above with respect to the base point x respectively y, where x and y are F -regular points in the same section Σ. Theñ
, where γ is an arbitrary horizontal curve from x to y.
There is a natural injective representation ρ Σ :
. This means thatΓ contains the deck transformations of π Σ :Σ → Σ; [σ] → σ(1). It is easy to see thatΓ normalizes π 1 (Σ, x 0 ). We call the group
the transversal holonomy group of Σ. It is a subgroup of I(Σ). The transversal holonomy group generalizes the Weyl group of an s-representation (or polar action) and the fundamental domains of Γ generalize the Weyl chambers. Note that Γ is independent of x 0 . But it depends on the choice of the section Σ, unlikeΓ. Also let Λ =Λ/π 1 (M, x 0 ).
Moreover there is a representation ρ M :
that is in general not injective. Let K x 0 be the kernel of ρ M and
Since the action of π 1 (M, x 0 ) onΣ by ρ M is isometric, it is already determined by its infinitesimal (orthogonal) action on T x 0Σ = ν x 0 M, which is 
where g ∈ π 1 (Σ, x 0 ) and h ∈ π 1 (M, x 0 ).
The endpoints x i and x j are equal, so i = j. Proof For this proof it is advisable to recall the precise definition of the section i : Σ → N and to distinguish between the manifold Σ and the image Σ ′ = i(Σ) since Σ can have self-intersections. We can take Σ to be the appropriate leaf of F ⊥ inN and i to be the projectionπ|Σ :Σ →π(Σ) = Σ ′ . The set of leaves is N/F . We have seen at the beginning of this subsection, thatπ defines a bijection between the set of leaves of F and that ofF. Therefore N/F =N/F . For the bifoliated manifold N we can easily proveΓ
The description of aΓ-orbit in the proof implies in particular that each element ofΓ permutes the set {g[σ i ] | i ∈ I, g ∈ π 1 (Σ, x 0 )}. In other words, this defines a representation ofΓ as a permutation group. This representation is faithful if M has trivial normal holonomy, because of K x 0 = 1 and Lemma 4.11. Now let F be a proper singular Riemannian foliation admitting sections. Then each regular leaf M has parallel focal structure and finite normal holonomy. The set {x i } is disrete and closed. We call 
Proof The action ofΓ onΣ is isometric and has discrete orbits, thus it is properly discontinous, i.e., for any compact subset K ofΣ the intersection φ(K) ∩ K is nonempty for only a finite number of φ ∈Γ. This implies that the set of leaves is an orbifold. The rest follows from Lemma 4.11.
⊓ ⊔ Remark As we can see later, the singular leaves of F lift to exceptional leaves. Therefore the nonregular points of the orbifold Σ/Γ correspond exactly to leaves of F that are either exceptional or singular.
Lemma 4.14 The isotropy groupΓ
] . An anlogous property holds for Γ.
means that the normal holonomy of a leaf is just the isotropy group of the larger action Γ.
Before we come to applications, we want to show a relation between π 1 (N , x 0 ),Γ and Λ. We identify the actions ofΓ andΛ with the corresponding actions for (F,F ⊥ ). 
This shows that the action of π 1 (N, x 0 ) respects the natural bifoliation onM ×Σ, so π 1 (N, x 0 ) is a subgroup of Diff(M) × I(Σ). The projection of π 1 (N , x 0 ) on the first component isΓ, the one on the second isΛ. The projection homomorphisms areγ andλ. This describes a new view on the transversal holonomy group.
We will now give an application for the action of Γ. Reinhart showed in [Rei] that the nearby leaves of a leaf M in a Riemannian foliation are coverings of M. The next proposition describes the maximal neighborhood for which this is true. Compare with the proof in [Rei] . for any k ∈ π 1 (M, x) since T [γ] k ∈ K y , so the rectangle commutes. The left diagonal arrowM → N is η •v, the right diagonal arrow is η •w. The left and the right triangles commute. By the commutativity of the three triangles and the rectangle
Consequently η •v = (η •w) • α (that means also the lower triangle commutes). This proves our claim. By the same reason there cannot be a normal parallel translation
It follows that the cut distance function of M is constant under normal parallel translation and that the normal parallel translation of a cut vector is a cut vector.
The next proposition shows the relation between {D x i } and the cut locus of a regular leaf, which has parallel focal structure as we know. It also shows that a leaf M . If M has a globally flat normal bundle, then the focal points of horizontal type are contained in i∈I ∂D x i .
Proof Take a point p ∈ ∂D x i . If p is a focal point of horizontal type, then each minimal normal vector with endpoint p is a focal normal of horizontal type by Lemma 3.2. Then p ∈ C (M,N ) . Now assume p ∈ ∂D x i is f-regular. Then there exists a j = i such that d(p, x i ) = d(p, x j ). Thus there are vectors v ∈ T x i Σ and w ∈ T x j Σ of length d(p, x i ) with endpoint p. These vectors are contained in νM. Observe that any other normal vector u with endpoint p is tangential to Σ in a point x k ∈ M and u ≥ d(p, x k ) ≥ d(p, x i ). Thus v and w are minimal for η and p is a cut point of M.
Take p ∈ C (M,N ) ∩ D x i . First we assume that p is a focal point of horizontal type. Let v ∈ νM be minimal with η(v) = p. Using Lemma 3.9 we can assume that v is tangential to Σ. Then v ∈ ν x i M by minimality. We now construct F, F 1 v , F ′ as in the proof of Lemma 3.9. We have seen that F ′ is a compact submanifold of
shows that the intersection index of T p Σ with F ′ modulo 2 is zero. Thus there is another point w ′ in the intersection of T p Σ and
for every k = i, it follows j = i. Thus M has non-trivial normal holonomy, which proves the third statement. As v is minimal and w = v , p = η(v) = η(w) is a cut point for η and exp
. Now assume that p ∈ C (M,N ) ∩ D x i is an f-regular point. Let v ∈ νM be minimal with η(v) = p. Lemma 3.2 implies that v is tangential to Σ and the foot point is x i by minimality. We know that p is a focal point (in this case it can only be of vertical type) or a cut point by Proposition 2.4. Assume p is a cut point. Then there is another minimal normal w ∈ ν x j M = T x j Σ with η(w) = p for some j. Since v is minimal for η, it follows j = i and that v is minimal for exp
. Now assume that p is not a cut point. Then v is the unique minimal vector in νM with endpoint p and v is a focal normal. Since p is f-regular, v is singular and minimal for exp
In the proof we have seen that F ′ intersects the given section at least twice. Together with Lemma 3.8 this implies that the lift of a singular leaf is exceptional (see the remark after Proposition 4.13).
Example We will give an example such that a Dirichlet region D x i contains a focal point of horizontal type. Consider the image M of a geodesic in P 2 R. This is a submanifold with parallel focal structure with normal holonomy group Z 2 . M intersects Σ = P 1 R = S 1 in exactly one point. The Dirichlet region is equal to Σ and contains the unique focal point of M. Now we express Proposition 4.15 as a corollary in terms of the cut locus. Proof The action of Γ on Σ is isometric and properly discontinuous. It therefore has a set of fundamental domains on which Γ acts simply transitive. For any point p in a fundamental domain we have therefore H p ∼ = Γ p = 1. Since the union of the set of fundamental domains is open and dense in Σ, so is its intersection with the F -regular points, and the last statement of the corollary follows. Alternatively we can see this by recalling that the subset of reguar points of an orbifold, in this case Σ/Γ, is open and dense.
Let M = M x 0 be a regular leaf with a globally flat normal bundle, i.e. Γ x 0 = 1. Then any regular leaf through a point y ∈ D x 0 is diffeomorphic to M by Proposition 4.15 and has a globally flat normal bundle because Γ y ⊂ Γ x 0 = 1 by Lemma 4.14. Now let M ′ be a regular leaf that does not intersect D x 0 . Then it intersects ∂D x 0 . We know that it is covered by a nearby leaf M ′′ , which intersects D x 0 and is thereby diffeomorphic to M. So M covers M ′ . Now we assume that M ′ has a globally flat normal bundle. Then it is diffeomorphic to M ′′ and therefore to M.
⊓ ⊔
Remark Let G be a Riemannian transformation group of (N, g) and let S be a slice through a point x ∈ N of an orbit Gx. It is known that G y ⊂ G x for every y ∈ S. If Gx is an orbit of maximal dimension, this means that the orbit type of Gx is smaller or equal to that of nearby orbits. This corresponds in our theory to Γ y ⊂ Γ x and that M y is covering of M x .
Consider the trace of the cut locus of M in a section Σ. How does this trace differ from that of the cut locus of a nearby parallel submanifold? Roughly speaking, the focal points of the cut locus are fixed. But the cut points can move; this can occur for instance, if the transversal holonomy group Γ contains translations. The above corollary says that certain cut points, namely the points of exceptional leaves intersected with Σ, are fixed as well.
Our next aim is to show that there are no exceptional leaves if N is a simply connected symmetric space. For a point p ∈ N we define P = P(N, ϕ × p) as the set of pairs (x, γ), where x ∈ M and γ : [0, 1] → N is a H 1 -curve in N with γ(0) = ϕ(x) and γ(1) = p. We write P(N, M × p) for the path space if ϕ : M → N is the inclusion map. It is known that P is a Hilbert manifold. The smooth function
is called the energy functional (associated to p). The map E p is a Morse function, i.e., it has only non-degenerate critical points, if and only if p is not a focal point of ϕ. We assume that p is not a focal point, i.e., p is regular for the normal exponential map of M. The energy functional is bounded below by zero and it is known that it satisfies the Palais-Smale condition. For s ∈ R we write P
Let F be a field and s be a regular value of E p . The Morse inequalities state
is the k-th Betti number of P s with respect to F and µ k (E p |P s ) is the number of critical points of index k of E p below s. We call ϕ taut with respect to F, if, for every regular point p ∈ N and every regular value s, E p |P s is perfect with respect to F, i.e., if
for all i with i ≤ k, all regular points p and regular values s, we say that ϕ is k-taut with respect to F.
The following paragraph is a brief summary of [PaTe] about critical points of linking type with slight changes in the definitions. Let κ be a critical level of E p . There is a real number ε > 0 such that κ is the only critical level of E p in [κ−ε, κ+ε]. One result of Morse theory is, that by properly attaching a k-cell e k for each critical point of index k on level κ to P κ−ε in P κ+ε , we obtain a deformation retract of
, where r k is the number of all critical points of index k on level κ. We consider the following long exact homology sequence of the pair (P κ+ε , P κ−ε ) with respect to F:
We say that a critical point of index k on level κ is of linking type (with respect to F), if each generator [e for all l ≤ k from the long exact homology sequence above. This sequence clearly splits, so H l (P κ+ε ) = H l (P κ−ε ) ⊕ (⊕ r l i=1 F[e l i ]) for l ≤ k. Now we assume that all critical points of index l for l ≤ k + 1 are of linking type. Let s be a regular value of E p . By induction it follows that for each l ≤ k we have
where r is the number of all critical points of index l of level smaller than s. In particular, ϕ is k-taut.
Thorbergsson proved in [Th1] that a compact proper Dupin hypersurface in S n is taut with respect to Z 2 by constructing concrete linking cycles. Ewert states that a proper immersion ϕ : M → N with parallel focal structure and a globally flat normal bundle is taut ( [Ew] , Theorem 2.19). But his proof contains a gap as Thorbergsson pointed out to me. If N contains no conjugate points, his construction of linking cycles is correct. In this case he constructs like Thorbergsson a variation of a given normal geodesic γ : [0, l] → N of length l to a regular point p. Then there are t i ∈ R, i = 1, . . . k with 0 < t 1 < · · · < t k < l, sucht that γ|[0, t i ] is a focal geodesic with multiplicity µ i and any focal geodesic segment on γ is covered this way. The desired variation λ : K → P is defined on an iterated fiber bundle K, one iteration for every focal point γ(t i ) (increasing the dimension by µ i ). Each λ(x) is a broken geodesic of length l such that for a vertex λ(x)(t) we have t = t i for some i. In the case that N has conjugate points, Ewert adds an iteration for any conjugate point/focal point of vertical type on γ. But then a focal point of horizontal type can cross a focal point of vertical type in this variation λ. Thus K is more complicated than an iterated fiber bundle and it is not clear if K is a manifold at all. We restate Ewert's Theorem 2.19 below as Theorem 4.20.
For our considerations understanding 0-tautness is enough. The construction of linking cycles is then much simpler. In the proof below, we follow Ewert's construction of these cycles. Please note the following: Ewert states that a proper immersion ϕ : M → N with parallel focal structure and a globally flat normal bundle in a simply connected symmetric space is 0-taut, thus embedded. This is not true. Consider an example of ϕ : M → N, where M is not simply connected, meeting the requirements of the statement. Then there is a covering map p : M ′ → M of finite degree and ϕ • p is not an embedding, contradiction. Indeed, the cycles constructed in [Ew] , Lemma 2.10, are only linking cycles for embeddings. Therefore the line of argumentation must be reversed. First we show that ϕ factorizes finitely over an embedding ϕ 0 ; then we show that ϕ 0 is 0-taut with the technique of linking cycles. Moreover, we extend his result to non-trivial normal holonomy and relate it to the cut locus and to exceptional leaves. It is well-known that a closed hypersurface M of a simply connected manifold N is orientable and thus has a globally flat normal bundle. If the codimension is greater than one we have to argue differently.
Proof of Theorem 4.19 By remark (3) following Lemma 3.2, ϕ factorizes finitely over an embedding. So we can assume that ϕ is this embedding. Let p be a regular point in N with respect to the normal exponential map of M. Let γ ∈ P be an arbitrary critical point of index 1 of E p , i.e., γ is a normal geodesic of index 1, with E p (γ) = κ. Let e 1 be the corresponding 1-cell in P κ+ε attached to P κ−ε . Let v ∈ ν x M, ϕ(x) = γ(0) with γ v = γ, and let t 0 v, 0 < t 0 < 1 be the focal normal with multiplicity 1. First we assume that v is a focal normal of horizontal type. Let F be the footpoint set of the associated focal leaf. By the remark after Theorem 4.3 this set is a submanifold on which we can extend v to a parallel normal field, also denoted by v. Since F is 1-dimensional and compact we have F ∼ = S 1 . We construct a variation λ : F → P of γ by This smooth map is injective and Ewert deforms it under the negative gradient flow of E p to a map λ ′ : F → P that has a unique non-degenerate maximum in x. If we denote the generator of H 1 (F ) = H 1 (S 1 ) by z ′ , then z := λ * (z ′ ) = λ ′ * (z ′ ) ∈ H 1 (P κ+ε ) is a so-called Bott-Samelson cycle, a special kind of linking cycle (see [PaTe] ), with j 1 (z) = [e 1 ]. Now we assume that v is a focal normal of vertical type, i.e., γ(t 0 ) is conjugate to x along γ in Σ x with multiplicity 1. Since Σ x is a symmetric space as a totally geodesic submanifold of N, an S 1 -action fixing x and γ(t 0 ) applied to γ|[0, t 0 ] gives an S 1 -familiy of geodesics from γ(0) to γ(t 0 ). We extend this variation as above to a map λ : S 1 → P and Ewert proves that also z := λ * (z ′ ) ∈ H 1 (P κ+ε ), where z ′ is the generator of H 1 (S 1 ), is a linking cycle with j 1 (z) = [e 1 ]. Thus every critical point of index 1 is of linking type, which implies that ϕ is 0-taut. As N is simply connected, b 0 (P, F) = 1 by the homotopy sequence for the fibration P → M; (x, γ) → x, and E p has only one local minimum. If there is a cut point that is not a focal point we would have at least two local minima by the definition of a cut point, contradicting 0-tautness. Assume now that there is an exceptional parallel manifold M ′ of M. We choose ε > 0 smaller than the injectivity radius of M ′ , p ∈ M ′ and v ∈ ν p M ′ with non-trivial holonomy degree and v < ε. ⊓ ⊔ Remark The assumption that N is a symmetric space was necessary to construct cycles if the focal point on γ is a conjugate point. Therefore, if Σ is a symmetric space or if it has no conjugate points, e.g., if M is equifocal, we can drop the symmetry of N.
Theorem 4.19 has the following converse. If M is a closed and embedded submanifold with parallel focal structure such that its cut locus only consists of focal points of horizontal type, then b 0 (P, F) = 1 for any regular point p ∈ N and M (but not necessarily every parallel submanifold) is 0-taut with respect to F: Let p be an arbitrary regular point. Since p is not in the cut locus, there is a unique minimal normal geodesic from M to p. Any other normal geodesic from M to p thus has to pass the cut locus and is therefore not of index 0 (note that here we use Remark(1) after Lemma 3.2). So µ 0 (E p ) = 1 and therefore, by the first Morse inequality, b 0 (P, F) = µ 0 (E p ) = 1 (if P = ∅). In particular, the tangent bundle T Σ of a totally geodesic submanifold Σ of N is horizontal.
